., ZnWO., AND MgWO. 3083 is not so good. As the g-factor analysis seems to be complete, any disagreement with the experiment could probably only be explained by the inadequacy of the expression (12) for the low-symmetry potential. A theory is developed for linewidths and line shifts in molecular spectra of gases. A semiclassical method is used, which does not make the approximations of perturbation theory and a straight-line trajectory upon which previous work has been based. General formulas are given for linewidths and line shifts in microwave, infrared and Raman spectra of linear molecules. Numerical application of the results is made to the widths of a number of spectra, and the results are in good agreement with both the magnitude and J dependence of the experimental values.
INTRODUCTION
T HE study of pressure broadening and shifts of molecular spectral lines in gases should be a valuable probe of intermolecular torques and of molecular collision processes in gases. Considerable experimental data on linewidths and shifts has been gathered by the techniques of microwave, infrared, and Raman spectroscopy. This information has been interpreted mainly through the method developed by Anderson,! in which the relative translational motion is treated by classical mechanics, while the rotational motion is described by quantum-mechanical perturbation theory carried to second order. While there are systems, such as H 2 , in which the intermolecular torques are weak enough for such a perturbation treatment to be reasonably accurate, in most molecular collisions rotation and translation are strongly coupled. Therefore a somewhat uncertain extrapolation procedure! must be employed to estimate the effect of strong collisions. Another limitation of the usual interpretation of line broadening is the approximation of the collision trajectory by a straight line at an average velocity. Because of these two approximations, perturbation theory and the straight-line path, once can hardly hope to use Anderson's theory to understand line broadening in systems with strong, short-range intermolecular torques. Another shortcoming of the perturbation theory is its failure to give I-dependent line shifts which have been observed experimentally. 2 The purpose of the present paper is to develop a theory for the width and shift of molecular spectral lines in gases, which does not employ the assumptions 
31, 81 (1959).
of perturbation theory and a straight-line path, either in the formal theory or in the numerical calculations. We use a semiclassical description of both the rotational and translational motion. Three distinct physical effects of a collision are found to contribute to the broadening and shift of a line:
(1) Interpretation of the radiation by rotationally inelastic collisions.
(2) Phase shifts of the rotation (and of the vibration in a rotation-vibration spectrum) produced by a collision (3) Amplitude modulation of the effective radiating dipole due to reoriention by collisions which transfer angular momentum but not energy. The first two effects are well known in line-broadening theory, but this reorientation effect has not been distinguished previously.a
If a perturbation expansion of the present theory is made, it is shown that Anderson's perturbation theory may be rearranged into a form which corresponds exactly to the present results. It is also shown that intuitive attempts 4 • 5 to generalize Anderson's treatment beyond the perturbation limit are in error because the reorientation effect was neglected.
The magnitude of these three contributions to the width and shift are calculated by classical dynamics followed by application of the correspondence principle 3 A. Ben-Reuven has kindly brought to my attention his treatment of another reorientation effect U. Chern A comparison of these effects has been added to Sec. 3 of the present paper.
• F. Schuller and B. Oksengorn, Mol. Phys. 5, 573 (1962).
with quantum mechanics. Numerical calculations are carried out for a number of systems, including HCI-He, CO-He, OCS-He, and OCS-Ar, for which some estimate of the form of the intermolecular torques may be made from infrared spectra of matrices,6 from moment analysis of molecular band shapes 7 and the isotope effect on vapor pressures. 8 • 9 The calculated linewidths are in good agreement with available experimental values, for both the absolute magnitudes and their dependence on the angular-momentum quantum numberJ.
PURE ROTATIONAL ABSORPTION
In this section we calculate the width and shift of pure rotational absorption lines of a linear molecule, which may be observed by microwave or far-infrared techniques. Rather than working directly with the absorption spectrum, it is convenient to define a reduced intensity lew) given by 
(2.5) using the geometry of Fig. 1 , where a is the angle through which the angular momentum is reoriented by the collision, 17 is the rotational phase shift, and 0 is the angle of rotation up to the line of intersection between the planes of rotation before and after the collision. Pel is the probability that no energy is transfered by the collision (i.e., the probability that the J quantum number is not changed by the collision). It is important to note that collisions which transfer angular momentum but not energy (i.e., transitions within the m states of the initial state) are included in Pel. Such collisions are called reorienting collisions, since they change the classical direction of the angular momentum J, but do not alter its magnitude.
In the low-density limit which we are considering, the molecules rotate many times between collisions, so that all values of the rotation angle 0 (see Fig. 1 Consider the change df in f over a time interval which is long compared to the duration of a single collision, but is short compared to the time between collisions. Such a range of times is possible of course because of the assumption of low density. The average change is df= -<nv ~oo[l-Pel cos of one collision in df. On the other hand, since dt is long compared to the duration of a collision, we may make the assumption of "molecular chaos" and neglect correlations between collision processes in successive time intervals:
(2.8) This has the usual solution
where the optical cross section is given by (2.10) and the average is taken over the distribution of initial conditions for the collisions.
Finally from f(t) we obtain the correlation function
where O'r and 0'; are the real imaginary parts of the (semiclassical) optical cross section (2.10).
The Fourier transform of this gives the usual Lorentzian line shape with full width at half-height, (2.12) and line shift,
These results for the width and shift of a dipoleallowed spectral line exhibit clearly the three effects mentioned in the introduction: (1) inelastic (energy transferring) collisions enter through the probability Fel of the alternative possibility, an elastic collision; (2) phase shifts of the rotation enter through the phase angle 11; (3) reorientation by an elastic, reorienting collision enters through the angle a between the directions of the initial and final angular momentum.
These three quantities a, 11, and Fel may be estimated from a classical collision trajectory in the following ways. The reorientation angle a is determined simply as the angle between the initial and final angularmomentum vectors. The rotational phase shift 11 is determined by comparing the direction of the dipole at some time after the collision, with the reference direction which would have been reached at that time if the dipole had rotated freely in the initial plane up to intersection i in Fig. 1 , and then freely for the rest of the time in the final plane. Finally, the probability of an elastic collision may be estimated via the corre- More generally, the correspondence principle really only tells us that the curve has unit area and dies off to zero very rapidly as the classical AI becomes large. But perturbation theory tells us also that for a small coupling, the probability of an inelastic collision, 1-Fel, grows quadratically with the coupling, and hence presumably with (AJ ol )2 rather than linearly, as in the simple correspondence case. Finally we should require Fel= 1 at AJc1=O so that for zero rotational coupling the scattering becomes elastic. A curve which satisfies all of these requirements is the Gaussian
(2.15)
The actual numerical results obtained with these two correspondence arguments are found to differ only a few percent in the cross sections. This agreement suggests that the semiclassical arguments given here should provide a reliable basis for the calculation of rotationallinewidths and shifts.
COMPARISON WITH ANDERSON'S THEORY
It is instructive to compare the nonperturbative results of the previous section with those obtained by Anderson using second-order perturbation theory. To make the comparison we expand the cross sections (2.12, 2.13) to second-order perturbation theory, obtaining
For the imaginary part of the cross section 0'; which gives the line shift, the correspondence is immediate. The classical phase shift 11 is the rotation angle through which the molecular axis is pushed ahead of the direction it would have had in the absence of a collision. The quantum rotational phase shift is also the average perturbation of the rotation by the collision. In firstorder perturbation theory this is given by I,ll where the perturbation P is given by an integral over the collision trajectory of the intennolecular potential V:
For the real part of the cross section, some rearrangement of Anderson's results is necessary. To second order the integrand for the integration over impact parameter is (in Anderson's notation)
M,m,ml,p.,pl
(3.5)
If we add and subtract a sum of the fonn
we may rearrange Anderson's result (3.5) to the form
The first tenns (3.6a) give the average probability of a transition (inelastic collision), and thus correspond to the inelastic tenn (1-P el ) in (3.1). The mean-square phase shift (perturbation within a J manifold) is given by (3.6b), and this corresponds to the rotational phase shift tenn !rJ2 in the semiclassical equation (3.1).
Finally, by substituting explicit values for the ClebschGordan coefficients into the sums in (3.6c), one readily finds that (3.6c) corresponds to the semiclassical tenn H1-cosa) in (3.1). This tenn arises from amplitude modulation of the radiation produced by reorientation of the angular momentum by an angle a.
In the second-order perturbation formulas (3.1) and (3.6) the three effects (inelastic collisions, phase shifts, and reorientation) enter additively into the cross sections. However, in the general nonpertubative result (2.12) the three effects are seen to be nonadditive.
It seems appropriate to compare the cross sections (2.12) and (2.13) with those used in recent theoretical calculations of linewidths and line shifts. Schuller and Oksengorn 4 have used the simple phaseshift formulas which neglect both inelastic collisions and the reorientation tenn cos 2 (a/2). Reorientation of J has also been neglected in the calculations of Engleman" and Ben-Reuven, Friedman, and Jaffe.I 2 Ben-Reuven l3 has recently calculated line shifts from an approximation in which the quantization axis for the rotation is assumed to follow adiabatically the intermolecular axis as it rotates through a collision. This assumption for the collision dynamics has also been used very recently in another collision problem. l4 The adiabatic reorientation of the quantization axis is assumed in these treatments to take place about the axis defined by the perpendicular to both the initial and final relative translational momenta. On the other hand, in the present treatment, the reorientation is of the angular momentum itself, rather than of the quantization axis, and it takes place about an axis perpendicular to the initial and final rotational angular momenta. In general, neither the magnitude nor the direction of these two reorientations are the same. Even if the collision dynamics happened to be described exactly by a reorientation in the adiabatic sense, the two types of reorientation would be equivalent only if J happened to be parallel to the quantization axis (i.e., if the rotational state had / m I =J). The difference between the two descriptions is also reflected in the fact that the corrections to the line-shift fonnula obtained by Ben-Reuven are not the same as those found in the present work.
It must also be emphasized that, in a nonperturbative calculation, all the physical results are necessarily independent of the quantization axis chosen, while in a perturbation theory, the results may be highly sensitive to the quantization axis. The calculations in the present paper are nonperturbative and thus cannot be related to the nonphysical quantization axis.
The approximation of adiabatic reorientation would give an infinite value for the linewidth since the integration with respect to b does not converge. The reorientation of J described in this paper goes to zero at large b, giving finite widths.
PURE ROTATIONAL RAMAN SCATTERING
The pressure broadening and shifting of pure rotational Raman lines, observed by light scattering, may also be considered using the semiclassical method developed in Sec. 2. We begin with the correlation function l5 As in Sec. 2, in the low-density limit we may average over the phase angle to obtain claims that the phase shift for j = 2 is anomalous because he fails to separate the reorientation effect from the phase-shift terms.
{P2[U(O). (t)]h

ROTATION-VIBRATION SPECTRA
The previous sections have dealt with the width and shift of pure rotational spectra. When a spectrum involves changes of vibrational quantum number as well as of rotational quantum number, perturbations of the vibrational motion by collisions become important. Vibrationally inelastic collisions are ordinarily infrequent enough to have a negligible effect on the line shapes. Also, most lines are nondegenerate in the vibrational quantum numbers since vibrationally degenerate states usually are split by the rotationvibration interaction. Thus there is no "reorientation" effect for the vibrational motion, since such an effect occurs only for degenerate levels (such as the m degeneracy in the rotational case). The only significant effect of vibrations occurs through phase shifts. The vibrational phase shift is given quantum mechanically as the difference between the intermolecular potential energy in the upper or excited state and ground or initial state, integrated over a collision trajectory:
where VI is the intermolecular potential for a vibrationally excited molecule and VO is the potential for the initial vibrational states.
As a good first approximation we may neglect the rotation-vibration interaction, so that the vibrational phase shift simply adds to the effective rotational phase shift iTl in the cross sections for the Rand S lines.
In the 0 and P lines, the rotational phase shift must be subtracted from the vibrational phase shift.
Another difference between the pure rotational and the rotational-vibrational cases occurs in the Q branch of a Raman spectrum. In the purely rotational case Van Kranendonk 17 has also noted this distinction from the point of view of Anderson's theory.1
CALCULATIONS AND COMPARISON WITH EXPERIMENT
In order to evaluate the expressions obtained for Iinewidths and line shifts, one must follow classical trajectories of molecular collisions, and then average over all types of collisions having a thermal distribution of initial conditions. Unless one chooses highly idealized intermolecular potentials, these last stages of the calculation must be done numerically. Fortunately, efficient programs have been written to follow classical molecular collisions. We have used one written by Cross/ 8 which integrates Hamilton's equations in a rotating coordinate system 19 using a variable-step Adams-Moulton method with controlled truncation error. 20 A typical trajectory involves 100 to 500 integration steps and requires approximately 2 to 6 sec of computing time on the IBM 7094 computer.
Averaging the cross sections over the initial conditions, even for the simplest case of an atom colliding with a linear molecule, requires a five-dimensional integration over velocity, impact parameter, two angles specifying the direction of J, and a phase angle of rotation. For this integration we have chosen the method of Diophantine integration developed by Haselgrove. 21 For smooth integrands (i.e., ones for which the first few derivatives are bounded), this nonrandom sampling technique gives much faster convergence than the usual random (Monte Carlo) sampling. With appropriate weighted sampling in the velocity and impact-parameter integrations, a typical calculation requires about 100 collisions to obtain cross sections to an accuracy of about 10% or better.
As test cases for the method of calculation, we have chosen examples in which there is some independent information known about the angle-dependent intermolecular potentials. Also, in the numerical work we have considered only rotational effects and not vibrational phase shifts. Therefore we consider either 18 R. J. Cross, Jr., and D. R. Herschbach, J. Chern. Phys. 43, 3530 (1965 rotation-vibration spectra, in which the vibrational phase shifts are small, or pure rotational spectra. The first case we consider is that of HCI broadened by He. Accurate linewidth 22 and line-shift22-26 studies have been made. From the very small magnitude of the line shifts in this case we know that the vibrational phase-shift effect on the Iinewidth will be small. It has been suggested 9 that a loaded-sphere potential is an adequate description of the HCI-rare-gas interaction, on the basis of infrared studies of HCI trapped in raregas lattices,26 and the loading distance was determined to be about 0.1 A for HCI. For such a small value, the loading effect is equivalent to adding a term proportional to cosO and to the radial derivative of the potential. There should also be a small term proportional to P 2 (cosfJ) according to London's calculation,27 whose coefficient may be estimated from the anisotropy of the polarizability of HCI. For the radial part of the potential we have taken the exponential-6 form, with potential parameters estimated from the usual combining rules. 28 The potential adopted on the basis of these considerations is given by
where E=60oK, rm=3.3 A, and a=12.
Linewidths were calculated using this potential, and the cross sections obtained are given in Table I . The calculated cross sections are in good agreement with the experiments of Rank et al. 22 in both absolute magnitude and in J dependence.
The second case we consider is that of CO-He. Mean-square torque values have been obtained for this interaction by Annstrong and Welsh 29 from infrared band shapes using the method of moment analysis.? Also, the torques on CO in the liquid and solid have been estimated 7 and compared with information from the isotope effect on vapor pressures. 8 • 9 The comparison shows 8 that the loaded-spherical potential model accounts for only a part of the torque on CO, and that a loading distance of 0.2 A8.9 may be used to estimate coefficients of cosO in the potential. The coefficients of Pt(cosO) in the attractive part of the potential may then be estimated from the anisotropy of the polarizability and the coefficient of P 2 in the repulsive part from fitting Armstrong and Welsh's value2 9 for the mean-square torque? on CO due to He. The potential estimated in this way is
where E=34°K, r m =3.S A, and a= 12.
The cross sections calculated from this potential were found to be independent of J over the thermal range of J, to within the accuracy to which the calculations were carried (about 10%). The J independence agrees with the experimental results. 22 The absolute magnitude of the cross section is also in good agreement with the experimental value (see Table I ).
The pure rotational linewidths for OCS-He 30 and OCS-Ar 31 broadening have been measured. Presumably the dominant angle-dependent interaction, at least at long distances, is the anisotropic dispersion force. with E=63°K and 0'=3.5 A for OCS-He and E=220oK and 0'= 4 A for OCS-Ar. The cross sections calculated with these potentials are given in Table I , and are seen to be in reasonable agreement with the experimental values.
The temperature dependence of the velocity-averaged cross sections was also studied. d InO'rld InT for all these cases fell in the range 0 to +0.3, indicating a very slow increase of the cross sections with temperature.
The calculated cross sections for rotational line shifts were very small (ranging up to about 0.5 A2). Such small shifts would be difficult to measure experimentally, and in fact no microwave line shifts have ever been observed at low densities for linear molecules.
The contributions to these cross sections come mainly from rotationally inelastic collisions, with a smaller contribution from amplitude modulation by reorientation. The rotational phase shift contributes an insignificant amount to the widths. Of course the rotational phase shift must be included in the rotational line-shift calculations, since the line shift would vanish for zero rotational phase shift.
Calculations are in progress on the vibrational phase shift, and using these we may apply the theory developed in this paper to the problem of J-dependent line shifts in the infrared.
Note added in proof: R. M. Herman [Phys. Rev. 132, 262 (1963)J also has used the PI(cosB)R-7 term in the attractive part of the potential. A. D. Buckingham [Discussions Faraday Soc. (to be published) J has also considered this interaction. Further calculations using the method of the present paper have shown that the PI term in the repulsive part of the HCI...:He interaction is much more important. The attractive PI term actu~ ally decreases the calculated cross sections slightly, because it partly cancels the effect of the repUlsive anisotropy.
